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Of the many physical  and chemical  factors  influencing the migrat ion of sal t  in the ground, on- 
ly molecular - f i l t ra t ion  diffusion, convective t ranspor t ,  and salt  exchange between the porous 
soil skeleton and the moving solution a re  usually taken into account [1]. The sal t-exchange 
process  is of a diffusion nature ("internal" diffusion) and depends on the types of soil and the 
nature of their salinization. We may assume that soils of a heavy mechanical  composition 
(clay, heavy loam) possess ing  high mois ture- re ten t ion  capacity are  most  appropriately 
modelled by a heterogeneous porous medium with porosi ty m = m 1 + m 2, where ml denotes 
the volume of t ransi t  pores  occupied by the moving solution and m2, the volume of terminal  
pores,  filled with a s ta t ionary solution ("bound" moisture) .  In this case ,  the internal diffusion 
mass-exchange  process  between both types of pores  is described [2, 3] in the form of Freund-  
lieh-type isotherms,  

o,u --  x ,  (0.1) 

where c (x, t) and N (x, t) a re  the concentrat ions of solutions in the t rans i t  and terminal  
pores ,  respect ively ,  t is the t ime, x is a coordinate,  and q is the kinetic pa ramete r .  Salini- 
zation of soil of light mechanical  composit ion (sand, light loam) with low mois ture - re ten t ion  
capacity is associated with the presence  of salts in the solid phase. We must write kinetic 
equations for salt  dissolution in place of Eq. (0.1). Some types of these equations have been 
previously presented [1-5]. In this work, three problems modelling the soil desalinization 
process  and admitt ing analytic solutions for a rb i t r a r i ly  given initial salinization a re  con- 
sidered.  It is assumed here  that the "internal" diffusion process  occurs  sufficiently rapidly 
(or infinitely rapidly) in compar ison with the "external"  diffusion p rocess  and convection. 

1. C o n v e c t i v e  S a l t  T r a n s p o r t  in  a H e t e r o g e n e o u s  P o r o u s  

M e d i u m  

Ignoring the influence of the external diffusion process ,  we will wri te  a balance equation for a salt  
mass  in a moving solution: 

vc,: ~- mac, @ ra.,_N t =0 (1.1) 

(v is the fi l tration ra te  of the solution through t ransi t  pores).  We may assume without loss of generali ty 
that the concentrat ion of wash water is zero,  and the boundary conditions for the system of Eqs. (0.1), (1.1) 
applied to the washing problem for saline soil initially f reeof  bulk mois ture ,  are  writ ten in the form 

c(O, t)=0; N(x, m~x/v)=~(x). (1.2) 

The solution of this problem is found using the Riemann method [6] and has the form 
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xl  

(x, t) = 3 'to (2 r - 
0 

N (x. i) = c (x, t) -1- e -~: Z o (2 l / -x~. )  ~o (0) e -~ ' 4  - .t Io (21 ~ ) q ~ o  (x, - -  ~) e-~d~ , 
0 

x l=m, . z / (V=);  x,~=(t - -  m lx /v ) /a ;  

~o0(xl) = tp (votx~/m2; I 0 (z) i s  a modi f i ed  z e r o - o r d e r  B e s s e l  funct ion of the f i r s t  kind, and the p r i m e  deno te s  
d i f fe ren t ia t ion .  

If  the i n t e rna l  dif fusion p r o c e s s  o c c u r s  suf f ic ien t ly  r a p i d l y ,  equa t ions  of the type of (0.1) a r e  s o m e -  
t i m e s  r e p l a c e d  by one of the fol lowing a s s u m p t i o n s  [71: 

N ( z ,  t ) = c ( x + •  t); (A) 

N(x, t)=c(x,  t - -  x,), (B) 

w h e r e  ~r is  the " lag  pa th"  and ~r i s  the " t ime  l ag , "  both a s s u m e d  to be s m a l l .  

A s s u m i n g  tha t  the d e c o m p o s i t i o n s  c (x + ~ ,  t) ~ c (x, t) + ~r and c (x, t -~r  ~ c (x, t ) - n i c l  a r e  va l id  
and subs t i tu t ing  t h e m  in Eq. (1.1), we obtain  an equat ion  for  the "e f fec t ive  p l a t e "  me thod  [ a s s u m p t i o n  (A)], 

vcx__ tact T m2xcxt =-0 (1.3) 

or  an equa t ion  for  the " t ime  lag" method  [ a s s u m p t i o n  (B)], 

VCx-~ tnC t ~ m s x l c  t t = 0 .  (1.4) 

Equat ion  (1.3) is  h y p e r b o l i c ,  while  Eq. (1.4) is  p a r a b o l i c .  Consequent ly ,  the f o r m u l a t i o n  of the boun-  
d a r y - v a l u e  p r o b l e m s  and the  p r o p e r t i e s  of the so lu t ions  of t hese  equa t ions  wil l  d i f fe r .  A s s u m p t i o n s  (A) 
and (B) a r e  in s o m e  s e n s e  equiva len t .  Th i s  m a y  be  ve r i f i ed .  Since the funct ions  c and N depend on the 
p a r a m e t e r  x (or ~r a s s u m p t i o n s  (A) and (B), c o r r e s p o n d i n g l y  take the  f o r m  

w h e r e  

o~0 (z, t)] • + 0 (x ~); N (x, t, u) - -  c (x -{- x, t,  rt) --=- c o (x, t) q- c 1 (x, t) q- "~z 

N (x, t, x l )  = c (x, t - -  Z r  za) = co (x, t) -t- [ c l  (x, t) aco tx - t ) ] . l  + 0 ( . I ) ,  

el(z ,  t ) = c . ( x ,  t, 0),  (cl (x, t) = c,,, (x, t, 0)). 

Subst i tu t ing these  d e c o m p o s i t i o n s  in Eq. (1.1) and condi t ions  (1.2), we obtain  the  p r o b l e m  

I 0 c ~  Oc. vt ra- -~  I v y +  = o ,  O < z < ~ ,  t > o ,  

Ice(0, t) = O, c o (x, m l x l v  ) ---- (p (x); 

Oct . O c , = _ m ~ o _ ~ . ~ t ~ = r n  _&_s ' v ~ -  t m --~ 02c~ [ 0%0", 

c1(0, t) = O, cl ( z ,  mix~v) = - co~(= cot). 

(1.5) 

(1.6) 

for  the funct ions  c o (x, t) and cl(x,  t) by equat ing  coe f f i c i en t s  in p o w e r s  o f t  (or n l ) .  

Le t  us  se t  T = v t / m l ,  and X = m j m , s o  that  the solut ion of the p r o b l e m  (1.5) will  be wr i t t en  in the 
f o r m  

for ~,~ ~< x,.< x, 
co(x, t )=  { ~(Z~or 0 ~ x  < ~,T; 

z = (x ~= ZT)/(t - -  Z). 
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A s s u m i n g t h e  c0(x)is t w i c e  d i f f e r e n t i a b l e ,  the  p r o b l e m  (1.6) r e d u c e s  to the f o r m  

~-~ -~ -~- W = ~" (z) = ~ (z) 

c~(O, t)=O; cx(x, x)=  - q)'(x)/(l - 7,) ( =  - v,~'(x)!m2). 
(1.7) 

It  is  t h e r e f o r e  ev iden t  tha t  h y p o t h e s e s  (A) and (B) a r e  e qu iva l e n t  if  ~ = v ~ i / m .  

The  funct ion  

O (1 - -  Z)-~q~' (z )  - -  ~. (1 - -  ~ . ) -2  ( x  - -  ~) q," (z )  
q (x, t) = f% 

for 
7 ` ' ~ x ~ ,  (1.8) 
0.<. x<~.T.  

w i l l  be the  so lu t ion  of the p r o b l e m  (1,7). 

We m a y  a r r i v e  a t  the s a m e  r e s u l t  by  f inding  the so lu t ion  of Eqs .  (0.1), (1.1) under  the  c o n d i t i o n s  (1.2) 
in the f o r m  of s e r i e s  in p o w e r s  of the  p a r a m e t e r  a and r e t a i n i n g  only two t e r m s  of the  d e c o m p o s i t i o n s .  I t  
t u r n s  out t ha t  ~ l  = a and,  in v iew of Eq. (1.8), t h i s  so lu t ion  to wi th in  m a g n i t u d e s  on the o r d e r  of a i n -  
c l u s i v e l y ,  w i l l  be  w r i t t e n  in the  f o r m  

c (x, t, ~) = q~ ( z ) .  q~' (z) - ~ x - ~ q~" (z) , ~ <~ x <~ - -  

(0, 0 <~ x <~ vt/m; 

N (x,t,~z) = ~ ( z ) - -  m'--~o x---,-~ )~ (z), --~.~ x - ~ - ~ ,  

(0, 0 ~ x ~ vt/m. 

2 .  C o n v e c t i v e  D i f f u s i o n  i n  a H e t e r o g e n e o u s  P o r o u s  M e d i u m  

F i r s t  A p p r o x i m a t i o n .  The  in f luence  of the  e x t e r n a l  d i f fus ion  p r o c e s s  r e d u c e s  to the  add i t i on  of a 
t e r m  DCxx to the  r i g h t  s ide  of Eq. (1.1), w h e r e  D is  the  d i f fus ion  coe f f i c i en t .  The  f i r s t  a p p r o x i m a t i o n  
c0(x , t ) ~  N0(x , t) and  the f i r s t  t e r m s  of  the  d e c o m p o s i t i o n s  of c (x, t ,  a )  and  N (x, t ,  a) in p o w e r s  of a wi l l  
be  d e t e r m i n e d  in the  c a s e  of c o m p a r a t i v e l y  r a p i d  s a l t  exchange  be tween  the  t r a n s i t  and  t e r m i n a l  p o r e s  
( s m a l l  ~) by the cond i t i ons  

02% Oc o 0% 
D ~ - - v ~ -  x = m ~ - ;  O < x < X o ( t ) ,  t > 0 ,  

c o = c n ,  x = 0 ;  c o = N o = % ( x ) ,  t = m l x / v  , 

w h e r e  c n is  the c o n c e n t r a t i o n  of i r r i g a t i o n  w a t e r ,  r i s  the  i n i t i a l  s a l t  c o n c e n t r a t i o n  in the  so lu t ion  
"bound" to the so i l ,  and  x0 = v t / m l  is  the f o r w a r d  f ron t  of i r r i g a t i o n  w a t e r .  

f o r m  

(2.1) 

We se t  u=co --  c,,, ~=vx/D, T=v~ and r - -  c=, so tha t  the  p r o b l e m  (2.1) t a k e s  the  

u ~  - -  u ~ = ~ - l t t ~ ,  0 < ~ < -r, .r > 0;  ( 2 . 2 )  

~=0,  u = 0 ,  ~=1:, u=r  0. (2.3) 

Suppose  u ( } ,  ~-) i s  con t inued  a s  a so lu t ion  of Eq.  (2.2) in the e n t i r e  q u a d r a n t  ~ > 0, ~" > 0 and l e t  p (~ )  = 
u (~, 0). The  subs t i t u t i on  for  the  d e s i r e d  funct ion  u = w exp ( } / 2 -  X ~'/4) l e a d s  to the  p r o b l e m  

w~=7`-~w., ~ > O, �9 > O, 
~=0,  w=O, ~=0 ,  w=pl (~)=p(~)exp  (--~/2), 

whose  so lu t ion  wi l l  be g iven  by  the  funct ion [8] 
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aa 

w =  2 l f ~  pl(s) [ 4s J 

To de t e rmine  the funct ion Pl (~) by means  of the second  condi t ion (2.3), we obtain the in tegra l  equat ion 

ar 

8 2 
.ri---~- ~ F ( s , ~ . ) e x p ( - - ~ - ~ ) d s : e V ~ t ~ ( T ) ,  

(F(s, k)=pl(s) sh [s/(2k)], ?=(1  --  k)~/(4k)). 

(2.4) 

We le t  

oQ d ~ - i ~  

i Lp((p) = .I q~(s)e-V'ds; LT-I(L,(~))-----,2"~ j" L,(q~)eV'dP = (p(s) 
0 d--iaa 

denote the d i r ec t  and i nve r se  Lap lace  t r a n s f o r m a t i o n  of the funct ion r  Applying Lp to both s ides  of Eq. 
(2.4), we find [9] 

oa 

L,_,  = S F X) de. 
0 

Again r e p l a c i n g  , / ~ ' / ~ b y  p, we a r r i v e  at  the equat ion 

ipL~.p,_ v ((p) -= L v (F) 

and, now applying the opera t ion  Lsl ,  we obtain the equat ion 

Pl (s) ---- sh - I  Is/(2/,)] L~ -i [XpLz; ,_v ((p)l, 

which comple t e s  the solut ion of the init ial  p rob l em (2.1). 

Example .  Suppose (0(7) = exp (~tT). Then 

Lp((p) = (p - -  1~)--~; )~pLT.p~_ ~ ((p) = p [p~ - -  (p. ~- ?)IZ] -~. 

After calculating the residues at the points p = :~f (t~ + 7)/},, we obtain the result 

p,(s)= ch [W-(~+v/~l  sh -~ Is/(2~)1. 

When ~t = 0, we cbtain the case  of dep th -cons tan t  sa t in iza t ion ,  

p~(s)= ch Is(1 - -  ~)/(2~)1 sh -~ [s/(2X)I. 

The solut ion of (2.1) or  (2.2), (2.3) is unique. This  will  be p roved  as was  done in [10]. We find, by  
cons ide r ing  the funct ion 

H ( ~ ) = . f u 2 ( ~ , z ) d ~ = 0 ,  
0 

where  u = u i - u  2 is the d i f fe rence  between the two solut ions of Eq. (2.2) sa t i s fy ing  the homogeneous  condi-  
t ions u(0,  z) = u(% T) = 0, tha t  

T 

H' (~) = --  2~, f ui ~ (~, " ~) d~ < 0. 
6 

Since H {0) = O, H (~') -- O, and, consequently, the homogeneous problem has only a trivial solution. 
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3 .  C o n v e c t i v e  d i f f u s i o n  i n  a P o r o u s  M e d i u m  w i t h  

I n s t a n t a n e o u s  S a l t  D i s s o l u t i o n  

Le t  us c o n s i d e r  the c a s e  when soil  of l ight m e c h a n i c a l  compos i t i on  conta ins  highly soluble  sa l t s  in 
the sol id  phase .  We a s s u m e  that  the  sa l t  ins tan taneous ly  d i s so lves  at  the m o m e n t  the d r ench  boundary  x = 
x0(t) is r e a c h e d ,  and subsequent ly  moves  f o r w a r d  due to the ac t ion  of  convec t ive  t r a n s f e r  and f i l t ra t ion  dif-  
fusion.  The p r o b l e m  r e d u c e s  to f inding the funct ion c (x, t) by m e a n s  of the condi t ion  

IDcxx-vc~=mct,  0 < x < x  0(t)' t > 0 ,  (3.1) 
[c=c=, x=O,  Dc:~=N(x) xo, x = x  o=vt /m,  

w h e r e  N (x) is the init ial  dens i ty  of d i s t r ibu t ion  of sa l t s  in phys ica l  space  (one p a r t i c u l a r  c a s e  of this  p r o b -  
lem,  N (x) = N o = cons t ,  has  been p r e v i o u s l y  c o n s i d e r e d  [10]). We r e w r i t e  the p r o b l e m  (3.1) in d imens ion-  
l e s s  v a r i a b l e s  ~, T: 

{%o ~=0, u~=~l(~), ~=~ 

(u=a - -  cn, ~=vx/D, "~=v~ r 

As in the solut ion of the p r o b l e m  (2.2), (2.3), we r e p r e s e n t  the funct ion u (~, ~') in the f o r m  

co  

u (~, T) = exp (~/2-- ,I4) 

The de s i r e d  funct ion Pl(x) with init ial  data 

will  be found f r o m  the boundary  condi t ion at ~ = T. 
t e r  leads  to the in tegra l  equat ion 

pl(0)--0 (3.2) 

We may  ver i fy ,  us ing  s imp le  computa t ions ,  tha t  the 1at- 

i f  ~ 171 (s) exp - -  -~- ds = q~l (~) 

(Fl(s) = [p~(s) ch (8/2)1'), 

which co inc ides  with Eq. (2.4) when X = 1 (T = 0). Thus  

F 1 (s) ---- F (s, t) =- L s '  [pLp~ (q~l)]" 

In t eg ra t ing  Fl(s  ) over  s and taking into accoun t  condi t ion (3.2), we obtain 

E x a m p l e ,  
depth), 

$ 

p, (s) = sh - I  (s/2) y LT'  [pL v, (r ds. 
0 

Suppose r = exp (gT), so tha t  Lp (opt) = ( p _ g ) - l .  When # > 0 ( sa l in iza t ion  i n c r e a s e s  with 

91(s)= sh (sV p~) ~t< '/2 ch -1 (s/2); 

when ~t < 0 (sa l in iza t ion  d e c r e a s e s  with depth),  

pl(s)= sin (sV~--~(-- ~t)-l/~ ch-l(s/2); 

when g = 0 (uni form sa l in iza t ion) ,  
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~)I(S)= S ch-1($/2). 

The las t  equation coincides  with a previous ly  obtained r e su l t  [10]. 
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